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The ability to control the relative motion of two orbiting spacecraft from the ground is approximately a function of
four key parameters: relative state knowledge errors, maneuver execution errors, environment modeling errors, and
the time delay between the execution of successive maneuvers. Based on these four parameters an assessment of the
ground’s capability to control relative position can be made and a minimum safe-approach distance can be
determined. Approximate analytic expressions for minimum ground-controlled separations are presented and then
validated with a detailed linear covariance analysis. The analytic expressions are shown to be accurate to within

+25%.
Nomenclature

D,y = covariance of navigation state dispersions

D e = covariance of true state dispersions

diag(v) = diagonal matrix with elements of vector v along the
diagonal

F émv = gravitational force in an inertial coordinate frame

Lsn = identity matrix

O,xn = matrix of zeros

P = flight computer covariance of navigation state error

Py = orbital period

P = true covariance of navigation state error

Pay = impulsive actuator model parameters

q = quaternion indicated by boldface ¢

q; = quaternion representing the orientation of the
b frame with respect to the a frame

q: = quaternion representing the orientation of the chaser
frame with respect to the inertial frame

RIVEH = position of chaser relative to an object centered
rotating LVLH frame

rl = position of chaser in an inertial coordinate frame

r} = position of object in an inertial coordinate frame

g = direction cosine matrix representing the orientation
of the b frame with respect to the a frame
i = direction cosine matrix representation of q'.

VIVEH = velocity of chaser relative to an object centered
rotating LVLH frame

v = vector indicated by boldface type

v = vector represented in coordinate frame a

v = velocity of chaser in an inertial coordinate frame

v = velocity of object in an inertial coordinate frame

X = true states

X = flight computer navigation states

X = reference states

Z = measurements at time 7,

At = time between successive maneuvers

AV, = actuator Av in an inertial coordinate frame

de = true navigation error

07 (e) = direction cosine matrix associated with a small
rotation, 87 (€) ~ I — [ex]

6(t—¢) = Dirac delta function
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true state dispersions

navigation state dispersions

Kronecker delta function

small rotation vector

cross product matrix defined by the ordinary cross

product [ex]v =€ x v

orbital frequency

= parameters, variables, and functions associated with
the flight algorithms

= measured values

reference values

quaternion multiplication operator such that q¢ =

q% ® q¢ corresponds to the sequence of rotations

Te=TT¢
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Introduction

NTEREST in orbital rendezvous missions has been growing as

witnessed by the recent design and/or development of XSS-11,
DART (Demonstration of Autonomous Rendezvous Techniques),
Orbital Express, and the Hubble Robotic Servicing and Deorbit
Mission [1,2]. In the future there may be new satellite inspection and
satellite servicing missions, lunar exploration missions, Mars sample
and return missions, and perhaps a Titan sample and return mission,
all of which will require some form of orbital rendezvous.

Without a human in the loop, it will be important to know when
ground controllers can safely control the relative motion of two
orbiting spacecraft, and when onboard autonomous systems are
required. It is assumed that beyond some safe-approach distance,
ground controllers have the ability to safely command and control the
relative motion. Within this safe-approach distance, when close
proximity operations are required, onboard autonomous systems
must take over.

The objective of this paper is to determine and verify analytic
expressions for the minimum ground-controlled safe-approach
distance. From a guidance, navigation, and control (GNC)
perspective, the minimum safe-approach distance is determined by
four key parameters: 1) the time delay between successive ground-
commanded maneuvers, 2) navigation error, 3) maneuver execution
accuracy, and 4) environment modeling error. When these
parameters are known, an estimate of the minimum safe-approach
distance can be determined using simple expressions that will be
derived and verified in this paper.

The model for the onboard and ground operations of a generic
rendezvous mission is shown in Fig. 1. In this simplified picture,
onboard measurement data are continuously downlinked to the
ground. When the spacecraft is out of view, itis assumed that the data
are stored onboard and downlinked at a later time. The ground
processes the measurement data and estimates the relative state. At
the proper time a maneuver command is computed and uplinked to
the chaser where it is immediately executed. The ground continues to
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Fig. 1 A simple model for onboard and ground operations of a generic
rendezvous mission.

process measurement data. The time between maneuvers is a key
parameter in this analysis. It must take into account the light-travel
time, communication outages, processing delays, and extra time to
collect measurements after maneuvers. Overall, this ground
operations model is ideal and subsequent calculations will represent
an upper bound on ground control capabilities.

Three different rendezvous missions will be considered: 1) Mars
orbit rendezvous for sample return, 2) low lunar orbit rendezvous for
lunar exploration, and 3) geosynchronous orbit (GEO) rendezvous
for satellite inspection and servicing. In each case, the active vehicle
will be referred to as the chaser, and the passive vehicle (i.e., the
orbiting sample, or a lunar surface access vehicle, or a geostationary
satellite) will be referred to as the resident space object (RSO). For
the Mars missions, the minimum separation distance will be
relatively large due to communication interruptions and long round-
trip light-travel times. For low lunar orbit rendezvous, the minimum
ground-controlled separation distance will be smaller due to shorter
light-travel times. For GEO missions, the potential to control two
spacecraft in close proximity to each other from the ground exists if
near real-time tracking data or relative position/velocity measure-
ment data are available.

For each mission itis assumed that the chaser is station keeping ata
specified distance from the RSO as shown in Fig. 2. In this figure, the
vertical or radial direction, r bar, and the local horizontal in-plane
direction, v bar, define a local-vertical local-horizontal (LVLH)
frame. For each mission it is assumed that the chaser is station
keeping in front of the RSO in the direction of the inertial velocity on

Sin(a)orbA[)/worb
q)rv(A[) = 2{Cos(worbAt) - 1}/w0rh
0
Ground Autonomy ¢ bar
controlled required -
3o,
= u
-/Chaser 3o, RSO
\dispersion
ellipse

Min approach distance
fd =30,

Fig. 2 The positions of the chaser and resident space object (RSO) in an
RSO centered LVLH frame. The chaser is shown station keeping near
the v bar. When the 3-¢ station-keeping dispersions, 3o, , are equal to a
specified fraction f of the distance d, the chaser is at a minimum ground-
controlled safe-approach distance.

or near the v bar. The 3-0 station-keeping dispersions, 30y, for a
ground-controlled spacecraft must be less than some specified
fraction f of the downrange distance d to the RSO. If maneuvers
cannot be computed, uplinked, and executed frequently enough to
maintain 30y < fd, an unsafe condition results, and an autonomous
system must be introduced for quicker response time. Thus it is the 3-
o station-keeping dispersions that will determine the minimum
ground-controlled safe-approach distance.

In the next section, two new analytical equations are derived for
the chaser 3-o station-keeping dispersions relative to the RSO as a
function of navigation error, maneuver execution error, modeling
error, and the time between maneuvers. The analytical results are
shown to be very useful in determining minimum ground-controlled
closest-approach distances. The following section provides detailed
models for rendezvous dynamics, sensors, actuators, and flight
algorithms. These models are then used to conduct a detailed linear
covariance [3] analysis and to generate numerical results that will be
compared to the analytical results. The Appendix presents the partial
derivative used in the linear covariance analysis.

Simplified Analysis Using the Clohessy—Wiltshire
Equations

The Clohessy—Wiltshire equations [4], also known as Hill’s
equations, can be written in the form

RLVLH(IO + At) er(At) <I>rv(At) RLVLH(tO)
VIV 1 A | | @,(AD) ®,,(A1) || VIVIH(1) + Av
arl @,,(1) Q.(7) (| O
+ / ' de ()
0 q)vr (T) q)vv (I) a,
where we assume At is the time between maneuvers, Av is the
maneuver delta-v, and a, is a random disturbance representing
unmodeled differential accelerations due to solar radiation pressure,
atmospheric drag, plume effects, and J, and higher-order gravity
terms. If the x, y, and z components of RNV are altitude,

downrange, and cross track, respectively, the above transition
matrices are given by

4 — 3 cos(wyp, At) 0 0
D, (A1) = | 6sin(wy,At) — 6wy, At 1 0 ?2)
0 0 cos(wypAt)
2{1 - cos(worbAt)}/worb 0
4 sin(wep, At) [ Wor, — 3AL 0 3)
0 Sin(a)orbAt)/a)orb
3Wep Sin(Wgy, At) 0 0
q>vr(At) = 6worb{cos(w0rbA[) - 1} 0 0
0 0 —wyp Sin(@g, AL)
(C))
coS(@op, At) 2 sin(wy, At) 0
D, (A1) = | —2sin(wep, Af)  4cos(@epAt) — 3 0
0 0 cos(wyp At)
(%)

If maneuvers are executed every At seconds, a desired relative

station-keeping position RLY'E can be achieved by issuing
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maneuver commands equal to

AV =03} (A) [REM — @, (ADRF™ - VM (6)

es

However, the Av that actually gets executed is

des

Av =0} (A) [REM — @, (ARG = ViV ey, (7)

5 LVLH SLVLH - .
where Ry and V" are the current navigation filter estimates,

and where & ,, represents the maneuver execution error. Note that the
position and velocity navigation errors are SRLVEH = RgVM" —
R(I)NLH and .(gv%JjVLH — V5VL.H _ V(%VLH. . ‘
By substituting Eq. (7) into Eq. (1) and subtracting the desired
station-keeping position we can determine Ary,, the station-keeping
position error:
Arg = RUWVHH(1) + Ar) — RIVHE = @, (Ar)SREVEHE

des

At
+ CD,U(At){SV(%VL“ + sAv> + / @, (r)a, dr )
0

Using this equation, two special cases are examined. In one case we
assume that the time between maneuvers is small relative to the orbit
period At < P, In the second case we assume that the time is
greater than or equal to the orbit period At > P .

At > Orbital Period

For At> P, the station-keeping position error Arg is
dominated by the downrange growth terms in the transition
matrices. Substituting Egs. (2) and (3) into Eq. (8) and keeping only
the downrange growth terms produces

At
Ay~ —6wo 850 AL — 3850 A1 — e, Al — / 3a,tdr  (9)

o

where 8x, is the altitude navigation error, 8y, is the downrange
velocity navigation error, and &, is the downrange component of
the maneuver execution error. Notice that the first two terms in this
expression can conveniently be written in terms of the relative
semimajor axis navigation error 6a, where

S0y = 250 1 as, (10)

Worh

Thus, we have

3 8 At
Arskx%m—kmym—/ 3a,7dr (1)

14

If we assume that a,, is a zero-mean Gaussian random variable with
E[afiv] = Q4(t) where Q is the strength of the accelerations and §(¢)
is a Dirac delta function, we can determine an approximate
expression for the standard deviation of the station-keeping position
error o, by squaring Eq. (11) and taking the expected value. This
produces

30y AT 2
oy~ \/ (%) 02, +9AP02 +3AFQ  (12)

where o2, is the variance of the relative semimajor axis navigation
error, O’EZAU is the variance of the maneuver execution error, and the
correlation between navigation errors, maneuver execution errors,
and random disturbances is assumed to be zero. Notice that the
strength of the random accelerations, Q, has units of m?/s. A more
common measure of the effect of random accelerations is the level of
downrange error per orbital period D, induced by the unmodeled
acceleration. When the only source of error is random acceleration,
Eq. (12) can be used to show that the relationship between Dand Qis
simply

T T
min safe approach
10 — _distance =10 km_ |
£ : 3o,=1km
2  kosddbooza At=4 hrs
.% 3Ddot=300,150,0 m/rev
£ . K
3 min:safe approach ™
S 10 distance =1km... .\ . ]
< ]
t -
s \ 30=1km
@ ' At=2 hrs
s ' 3Ddot =
1 800,400,0m/rev
Q 30,,=100m 1
~ L)
«® vvo| At=2 hrs !
vt | 3Ddot=80,40,0m/rev '
(3 .
10° | 304=100m o b pech s E
At=4 hrs 1 : : RN
3Ddot=30,15,0m/rev | :
10° 10' 10°

3-6 Maneuver Execution Error (mm/s)

Fig. 3 Data for minimum ground-controlled closest-approach dis-
tances equal to 10 and 1 km (f = 10%) are shown as a function of relative
semimajor axis (SMA) navigation error, maneuver execution error,
modeling error, and time between maneuvers when At > P, ;.

Dp?=3P.0 (13)

This expression is used to replace Q in Eq. (12) to produce

3nAT? At\3 .
Oy ~ \/( . ) 02, +9ALG?, + (P—) D (14

orb orb

This is an analytic expression for the standard deviation of the
station-keeping dispersions, when At > P, as a function of four
key parameters—navigation error, maneuver execution error,
unmodeled disturbances, and the time between maneuvers. Specific
examples of this equation are plotted in Fig. 3. For f = 10% and
At = 2 h, a minimum ground-controlled closest approach of 10 km
3oy = 1 km) requires maneuver execution errors on the order of
30-50 mm/s and relative semimajor axis navigation errors on the
order of 50-100 m. Higher maneuver accuracy and navigation
accuracy are required as the level of disturbances is increased or as
the time between maneuvers is increased. The data for a ground-
controlled closest approach of 1 km (304 = 100 m) is also shown.

At < Orbital Period

The next case to be considered is when the time between
maneuvers is small relative to the orbit period At < Py. Small
angle assumptions can be used in Egs. (2) and (3) and substituted into
Eq. (8). The result is

At
Ary ~ SREVUH 4 {5V5VLH n sAv}At n / azede (15)
0

If we neglect the correlation between position and velocity errors
and assume SREVIH, SVEVLH ¢, and a, are uncorrelated, the
standard deviation of the magnitude of the station-keeping error is
given by

Oy ~ \/0% + (05 —+ JEAV)AIZ + QAP (16)

This equation can be simplified further by noting that relative
position and velocity navigation errors for spacecraft in near circular
orbits are often related by [3] 0, &~ w,,0,. [When this is not true
Eq. (16) should be used.] Using Eq. (13) to write Q in terms of D and
noting that w,, AT < 1 produces

1( A3 .
Oy ~ \/of + 02 AP+~ (—) D’ a7)

3 Porb
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Fig. 4 Data for minimum ground-controlled closest-approach dis-
tances equal to 10 and 1 m (f = 10%) are shown as a function of relative
position navigation error, maneuver execution error, modeling error,
and time between maneuvers when At K P,y

This is an analytic expression for the standard deviation of the
station-keeping dispersions, when At < P,,. Specific examples of
this equation are plotted in Fig. 4. For f = 10% and At=10s, a
minimum ground-controlled closest approach of 10 m (304 = 1 m)
requires maneuver execution errors on the order of 80-100 mm/s
and relative position navigation errors on the order of 80—100 cm.
Higher maneuver accuracy and navigation accuracy are required as
the level of disturbances is increased or as the time between
maneuvers is increased. The data for a ground-controlled closest
approach of 1 m (304 = 0.1 m) are also shown.

Modeling for Detailed Analysis

Next, a detailed analysis of a ground-controlled station-keeping
problem will be conducted. The models for the detailed analysis
include chaser and RSO translation dynamics, a simple model for
chaser attitude dynamics, a lidar sensor model for relative navigation,
a thruster model for position control, a Kalman filter for navigation,
and a feedback control law for translational control. Itis assumed that
the chaser is in the vicinity of the RSO and requires only small brief
maneuvers that can be modeled impulsively.

The truth model has a 28-dimensional state vector defined by

X =(x,,x.,p)’ (18)

where X, is a six element object state, X .. is a six element chaser state,
and p is a 16 element parameter state. The RSO and the chaser states
consist of inertial position and velocity. The parameter states consist
of sensor, actuator, and environment parameter errors including an
attitude dispersion #¢ from the nominal LVLH attitude ', lidar
instrument misalignment error €;g4,,, lidar measurement bias error
biiqar» and actuator scale-factor error f »,, misalignment error € 5, and
bias error b,,,.

T
P = (025ElidarvblidarvavveAvvbAv) (19)

These parameters are typically time varying biases with known time
constants and modeled as first-order Markov processes.

Dynamics
The dynamics for the true state vector are given by

ri=v (20)

Vo = Fiy, () /m, + a, @

PL=v (22)
vlc = Férav,. (ri‘)/mc +a, (23)

Y 4 .
pr=—"ttw,.  i=123...16 24)

where m, and m, are the resident space object and chaser masses.
Impulsive maneuvers Av} are used to correct the chaser velocity.

(V)7 = (%) + AVia(A¥eon. @ 05 v €arbas)  @5)

The model for Avi, is defined in Eq. (26), and all parameters p, are
first-order Markov processes driven by white noise w,,.

The gravitational forces on the chaser and the object, Fy,,, and
F.y, > are point mass plus J, gravity models [6]. Additional random
accelerations a., a, are used to represent modeling errors.
The covariances of the disturbances are Ela,(t)al(¢)]=
Ela (Dal ()] = Q,8(t — '), and Ela, (al ()] = 0.

Actuator Model

The actuator model parameters are scale-factor uncertainty f,,,
alignment uncertainty €,,, and a bias uncertainty b,,. In terms of
these parameters and the attitude error ¢, the impulsive Av in
Eq. (25) is given by

AV;CI(Aegom’ ‘ﬂ’ of’ fAv’ (NP bAv) = T(di)ST(ai)éT(eAv)
20 {[I3><3 + diag(fAv)]Aegom + bAv + AWAU} (26)

where the actuator commands AVS,, generated by the flight
computer are given in Eq. (47), and the covariance of the actuation
noise is given by E[Aw, (1)) AW}, (1,)] = Sau,, ()87

Sensor Models

The lidar instrument is used by the chaser to image and track the
resident space object. The instrument provides line of sight and range
information. The model contains an uncertainty in the alignment of
the instrument with respect to the chaser frame €4,

The bearing measurements 1'** are given by [7]
s [/
P = [zfz } + Vidar @7

where the relative position of the object, 4™ = [/, /,, ], in the
lidar frame, is given by

Lo = 87 (e Thaud T (05) 7 (@0) () — 1) (28)

The covariance of the measurement noise is E[Vyigo (1) V5, (20)]=
R, . 8. The range measurement model is

Viidar
;lidar = |rfz - l'i| + blidar + vrange (29)

where by4,, iS an unknown bias and the covariance of the

measurement NOise Ve 18 E[Vinge (1) Vinge ()] = R, Sip.

Vrange

Navigation Algorithm
The navigation state propagation equations are given by

F=v (30)
Vi = B, (£) /10, 31
th=Vi (32)
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$1 = Bl (i) /0, (33)
;,l:_%, i=1.2.3,...,16 (34)

The gravitational forces on the chaser and the object, F ;mVL and

A

F;mvo, are point mass plus J, gravity models [6].
The navigation state covariance propagation equation is
P=FP+ PF] +5, (35)

where the partial derivatives F . and the state process noise
covariance S, are given in Eqs. (A1-AY).
The navigation state update equation is

R =% + K@) [zk - ﬁ(ﬁk, rk)] (36)
where ﬁ(f(k, 1;) is based on both Egs. (27) and (29).
The navigation state covariance update equation is given by
Pt = [1- R A [P()[1 = Reo Az |
+ K(@)R, (1)K (1) (37)

where K (#;) is the Kalman gain [§]. The measurement sensitivity

matrice H + and the measurement covariance matrices R , for the lidar
are given in Eqs. (A6-A9).

Finally, when an impulsive maneuver Av is used to correct the
chaser velocity, a correction must be made to the navigation state

(%) 7 = (38) "+ A% AV, @1 05 Farénnnbas)  G38)
where
AVl (A%, @1 0 B
= T(a )87 ()7 (nn ) [ 13es + ding(fa0) | AV + B
(39)

The maneuver command AV, is given in Eq. (47), and faps €nps
and b Ay are the flight computer values of actuator scale factor,
misalignment, and bias. The actuation noise covariance due to (for
example) actuator quantization error is simply

&quant 4. 2 2 2
N Aw dlag(l:oquamx ’ Uquam‘. s unamj:l) (40)

When a correction is made to the navigation state, a correction is also
made to the navigation state covariance matrix

D A D ; N T Gquan
B(rre) = [1+ Bt |P(57°)[1 4+ Datep] + S8ty @)
where the partial derivative DAX is given in Egs. (A10) and (A1l).

Translation Control

The maneuver targeting algorithm is based on the Clohessy—
Wiltshire equations [9] and is referred to as the CW-targeting
algorithm. In a LVLH coordinate frame, the CW equations can be
written as

[ﬁLVLH(tO + At)i|

_ q)rr(At) q>rv(AZ) ﬁLVLH(tO)
VLVLH( o + A1)

=artan arian | Smnie ] @

where

RLVLH (1) = j—LVLH (f'fr - f’Z) 43)

VI ) = T - ¥ =6, x (B -8)] @

B by = Vo X F/[IF5]1? 45)

To achieve a desired relative position lidLe\;LH at time ¢, + At, the
required Av at time 7, is

AT = @} (AD[ R — @, (AT vuu (i 1)
— TV = ¥ = oLy x (8 — 1) | 46)
The Av command to the actuators is the required Av given above,

transformed to the chaser frame with compensation for known
actuator errors:

AVéom
— 5%(-%) [I3x3 - diag(f'Av)]ST(OAi)’ZA'((]i)’ZA',-LVLHA@rLeXLH
—by, A7)

Detailed Analysis Results

The detailed analysis of a ground-controlled station-keeping
problem is conducted using linear covariance (LinCov) techniques
[3] which produce the same statistical results as a Monte Carlo
simulation without doing hundreds or thousands of simulations. This
provides the capability to study the effects of many GNC parameters
in a short period of time.

The LinCov analysis tool is derived from the rendezvous GNC
Monte Carlo program shown in Fig. 5 which is in turn derived from
the math models in the section Modeling for Detailed Analysis. In the
Monte Carlo simulation, white noise processes and flight computer
actuator commands drive truth models which in turn generate the true
state x of the system along with simulated sensor measurements. A
navigation algorithm processes the sensor data and produces a
navigation state X and a navigation state error covariance P. The
navigation state is used by control functions of the flight computer to
generate the actuator commands. The key variables are the frue
dispersions from the reference trajectory, 6x =x —X, the
navigation dispersions from the reference trajectory 6X = X — X,
and the true navigation errors, e = §Xx — M, 6x.

In a Monte Carlo program, the covariance of the dispersions and
navigation errors are determined by collecting and compiling the
results of N simulations.

N

D ! 5x6x” D ! EN sxsx”
N — X0X av N o X0X
t
rue N-—1 - ’ nav N—1 —
48)
1 N
Py ¥ —— E Sede’
t
rue N _ l P
Truth Models reference, X
8 *Environment X % ox
s Gravity true state
° Forces | Random disturb _ Oe
% | 3-DOF X true
nav estimation
E Sensor | «3ensors state . error
° noise 1 optical-tracker Flight Computer. ,
IS Lidar i
o
sensor *Navigation| Traiect :
*Trajectory|:
“Actuators | data i Estrelpos X cémrmry‘
Impulsive Av P

Actuator commands AVeom
Fig. 5 A generic Monte Carlo Simulation for GNC analysis.
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Table 1 Nominal trajectory, disturbances, sensor, and actuator parameters

Nominal initial condition error 3-0

Attitude dispersion and knowledge error
Position, velocity dispersion/knowledge error

Per axis
Per axis

1.0 mrad
10% of separation, pos error - @,

Nominal unmodeled disturbances 3-c

Translational disturbances Per axis

varied (see text)

Nominal sensor error 3-o
Misalignment
Angle random
Range random
Range bias

Lidar errors 1.0 mrad/axis
1.0 mrad
0.1% of range

0.1% of range

Nominal actuator error 3-0

Maneuver execution error Directional 1 mrad/axis
Scale factor 1000 ppm
Random Varied (see text)
Bias Varied (see text)

Table 2 Numerical and analytical data for station-keeping dispersions 3o, in a 2-h Martian
orbit when At > P, .,

LinCov Eq. (14)

At, 304, 3D, 3/0, 3054 304 304, Error,
Case min mm/s m/orbit m/s/ /s m m m %
1 100 30 0 0 32 440-580 540 7%
2 100 9 900 85x 107 47 880-1410 798 43%
3 100 3 0 0 1.1 43-59 54 8%
4 100 0.9 90 8.5x 107 6.5 92-142 86 40%
5 200 30 0 0 0.5 600-1050 1080 3%
6 200 9 900 85x10™* 47 110-2450 2102 14%
7 200 3 0 0 0.95 55-105 109 4%
8 200 0.9 90 8.5x107° 6.5 110-253 196 22%

The covariance of trajectory dispersions and navigation errors are of
primary interest.

In a linear covariance approach, the covariances in Eq. (48) are
generated in a single simulation by directly propagating, updating,
and correcting an augmented state covariance matrix [3]. This
technique will be used to determine the covariance of station-keeping
dispersions and navigation errors. Numerical results will be
compared to the analytical results in Egs. (14) and (17).

The error sources included in the analysis are summarized in
Table 1. Numerical values are given for those that were held constant
throughout the analysis. The remaining values will be specified as
each case is discussed in the sections below.

Mars Orbit Rendezvous for Sample Return, At > P,

In this case, considered ground-controlled station keeping at 10
and 1 km in a 2-h Martian orbit is considered. Maneuvers are
computed and uplinked every 100-200 min. Lidar measurements are
taken every 60 s and downlinked to the ground. The round-trip light-
travel time is assumed to be 30 min, and the LinCov tool is used to
determine the position dispersion oy around the station-keeping
position. Table 2 shows the numerical results and the analytical
results. The time between maneuvers in cases 1-4 is 100 min. The
time between maneuvers in cases 5-8 is 200 min. All cases show
good agreement between the numerical and analytical results except
for cases 2 and 4 where the analytic station-keeping dispersions are
low. This is believed to be due to the fact that Eq. (14) ignores cyclical
error terms which are still significant when At =100~ P,.
Figures 6 and 7 show the 3-0 position dispersion and navigation error
and the 3-0 relative semimajor axis dispersion and navigation error.
The analytical prediction for the position dispersion is also shown
(540 m for case 1 and 794 for case 2)

Low Lunar Orbit Rendezvous, At > P,

In this case, ground-controlled station keeping at 10 and 1 kmin a
2-h lunar orbit is considered. Maneuvers are computed and uplinked

every 100-200 min. The main difference between this scenario and
the Mars sample return scenario is that the navigation error at the time
maneuvers are computed is smaller for the lunar orbit because of the
shorter light-travel time to the ground. Thus, the lunar results are
nearly identical to the results shown in Table 2 when the lunar orbit
period is 2 h and maneuvers are every 100-200 min. This is also
reflected in Eq. (14) which is dependent on orbit period and
independent of the gravitational constant.

Low Lunar Orbit Rendezvous, At K P,

This scenario considers ground-controlled station keeping at 10
and 1 min a 2-h lunar orbit. Lidar measurements are taken every 1 s
and downlinked to the ground. At lunar distances, the round-trip
light-travel time is approximately 2.6 s and is conservatively
assumed to be 3 s for this analysis. Linear covariance analysis is used
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Fig. 6 3-o0 position dispersion and navigation error for case 1. The
analytical prediction for the position dispersion is 540 m.
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Fig. 7 3-0 position dispersion and navigation error for case 2. The
analytical prediction for the position dispersion is 794 m.

to determine the position dispersion o around the station-keeping
position. Table 3 shows the numerical results and the analytical
results. The time between maneuvers in cases 5-8 is 10 s. The time
between maneuvers in cases 9—12 is 100 s. All cases show good
agreement between the numerical and analytical results.

Figure 8§ shows the 3-o position dispersion and navigation error
and the 3-o relative semimajor axis dispersion and navigation error.
The analytical prediction for the position dispersion is also shown
(0.8 m).

Geosynchronous Orbit, At K P,

This scenario considers ground-controlled station keeping at 10
and 1 min a 24 h Earth orbit. Lidar measurements are taken every 1 s
and downlinked to the ground. At GEO distances the round-trip
light-travel time is approximately 2.81 msec and is conservatively
assumed to be 3 msec. Linear covariance analysis is used to
determine the position dispersion oy around the station-keeping
position. Although this scenario seems very different than the
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Fig. 8 3-0 position dispersion and navigation error for case 10. The
analytical prediction for the position dispersion is 0.8 m.

previous scenario, the results are very similar, especially for the low-
disturbance cases. In fact, Eqs. (16) and (17) show that for small
disturbances, the motion is fundamentally rectilinear and
independent of P, when At < P, The linear covariance results
in Table 4 clearly show this. Table 4 shows the numerical results and
the analytical results. The time between maneuvers in cases 17-20 is
10 s, and the time between maneuvers in cases 21-24 is 100 s. All
cases show good agreement between the numerical and analytical
results.

Figure 9 shows the 3-o position dispersion and navigation error
and the 3-o relative semimajor axis dispersion and navigation error
for case 24. The analytical prediction for the position dispersion is
also shown (0.085 m)

Conclusions

Analytic expressions that estimate the relative position dispersion
of two spacecraft being controlled from the ground have been
derived. The dispersion is a function of navigation error, maneuver

Table 3 Numerical and analytic data for station-keeping dispersions 3o, in a 2-h lunar orbit
when At L P,

LinCov  Egs. (16) or (17)

At, 30a,, 3D, 3/0, 305, 305, 304 304, Error,
Case s mm/s m/orbit m/s/\/s m  mm/s m m %
9 10 90 0 0 0.025 50 0.78-1.08 0.90 25%
10 10 60 20,000 1.9x 1072 0.025 4.0 0.72-1.04 0.85 18%
11 10 9 0 0 0.023 4.0 0.08-0.11 0.093 15%
12 10 6 2000 1.9x107% 0.021 3.5 0.07-0.11 0.088 20%
13 100 9 0 0 0.020 0.5 0.9-1.25 0.95 24%
14 100 6 600 5.7x10™* 0.021 2.5 0.72-1.04 0.86 17%
15 100 0.9 0 0 0.002 0.5 0.09-0.12 0.09 25%
16 100 0.6 60 57x10 0.002 02 0.07-0.1 0.085 15%

Table 4 Numerical and analytic data for station-keeping dispersions 3oy, in a 24-h Earth orbit
when At L P,

LinCov Eqgs. (16) or (17)

At, 30, 3D, 3.0, 305, 305, 304> 3040 Error,
Case s mm/s mjorbit m/s/\/s m  mm/s m m %
17 10 90 0 0 0.025 5.0 0.78-1.08 0.90 25%
18 10 60 800,000 1.8x 1072 0.025 3.5 0.70-0.98 0.90 8%
19 10 9 0 0 0.023 4.0 0.08-0.11 0.093 15%
20 100 6 80,000 1.8x 1073 0.020 3.5 0.065-0.095 0.089 9%
21 100 9 0 0 0.020 0.5 0.9-1.25 0.95 24%
22 100 6 25,000 5.7x10™* 0.022 25 0.72-1.05 0.82 22%
23 100 0.9 0 0 0.002 0.5 0.09-0.12 0.09 25%
24 100 0.6 2500 5.7x 107 0.02 0.2 0.07-0.1 0.085 15%
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. . : . . The range measurement sensitivity for the lidar is
successive maneuvers. Detailed linear covariance analysis
demonstrated that the analytic expressions are accurate to A lide 5 \T 4 \T
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approximately £25%. A multiplier based on acceptable safety and
risk levels can be applied to the relative dispersion to determine a
minimum ground-controlled safe-approach distance.

For low Mars orbit rendezvous missions with maneuvers every
100-200 min, analysis shows that ground controllers can safely
maintain separation distances of 10 km provided that maneuver
accuracies are less than 10-40 mm/s, relative semimajor axis
navigation errors are less than 30-80 m, and environment modeling
errors are less 150-800 m/orbit. If 1 km separation distances are
desired, the above requirements must be tightened by an order of
magnitude. The requirements for 2-h low lunar orbits are nearly
identical to the Mars orbit requirements.

For low lunar orbit and GEO orbit rendezvous missions with
maneuvers every 10 s, ground controllers can safely maintain
separation distances of 10 m when maneuver accuracies are less than
80-90 mm/s, relative position navigation errors are less than 0.8—
0.9 m, and modeling errors are less than 10-20 km/orbit. When the
time between maneuvers is increased to 100 s, maneuver accuracies
and modeling errors must be improved to 8-9 mm/s, and
300-600 m/orbit, respectively. If 1 m separation distances are
desired, all requirements must be tightened by an order of magnitude.

Appendix A: Matrix Partial Derivatives

The propagation of the navigation state X = f(X,4.y) is
accomplished using Eqs. (30-34). The propagation of the navigation
state covariance matrix in Eq. (35) is accomplished using the
following partial derivatives and the state process noise covariance:

. Sw‘, OPXG 06><16
Sw=1] Ogxs Su, Ogx16 (AT)
Ot6x6  Oioxe —diag([&%l s 5?,2, RN 5,27]6])
[ Fr, O Ox16
ﬁi — ﬁ — Osxs  Fi, Osx16 (A2)

0x . i
Oi6x6  Oioxs —dlag([fivf]?""’%l )

(%N

a 03x3  Osy3 ]
Sw =| & L
! |:03><3 oy

where ijy = (£, — £1)/|F, — 1.

The flight computer’s value of the lidar angle measurement

covariance is

R4 = diag ([0, . 02y )

(A9)

The correction of the navigation state covariance matrix in
Eq. (41) is accomplished using the following partial derivative:

O6><6 06><6 O(2><16

Di=| O Opxs D, (A10)
0]6><6 O]6><6 O]6><]6
where
b
— 03><3 o 03><3 03><3 N 03><3 03><3 R 0
8A{’3¢l/802 03><3 8A€’£ct/afAv 3A€’fm/agm 8A€’ziicl/8bAv 0
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